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Based on a tunneling Hamiltonian description, we calculate the Josephson, normal and interference
currents between two Bose-Einstein condensates described by the Bogoliubov theory. The dominant
Josephson term is of first order in the tunneling with a critical current density proportional to
the ground state pressure. In contrast to superconductors, the normal current remains finite at
zero temperature. We discuss the dynamics of the relative phase in a semiclassical approximation
derived from an exact functional integral approach, which includes the interaction effects at fixed
total particle number. It is shown that the normal current leads to a damping of the Josephson
oscillations and, at long times, eliminates the macroscopic quantum self trapping predicted by Smerzi
et.al. Finally we give estimates for an experimental realization of Josephson tunneling in cold atomic
gases, which indicate that coherent transfer of atoms might be realized with a 23Na condensate.
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I. INTRODUCTION
The realization of Bose-Einstein condensation (BEC)
in atomic vapors [1–3] provides an example of superflu-
idity, to which the approximation of a weakly interacting
Bose gas applies quantitatively. Due to the low densi-
ties n ≈ 1014 cm−3 and with typical scattering lengths
a ≈ 5nm, the gas parameter na3 is of order 10−5, i.e. well
in the range of applicability of the Bogoliubov theory.
Although the interactions still entail strong quantitative
changes compared to an ideal gas picture [4], the systems
are rather well described by the weak coupling Gross-
Pitaevski equation (GPE) and its small fluctuations, the
Bogoliubov equations [5]. Many of the phenomena pre-
dicted within this framework like sound modes with a
linear spectrum have been established experimentally [6].
More recently genuine superfluid properties like quan-
tized vortices [7,8] or the existence of a critical velocity
[9] have also been observed.
The Josephson effect [10,11] is one of the prime exam-
ples of macroscopic quantum effects, displaying directly
the broken symmetry associated with the relative phase
of two weakly coupled condensates [12]. In supercon-
ductors it is a rather standard phenomenon, in contrast
to Bose condensed systems, where it has first been ob-
served by Avenel and Varoquaux in superfluid 4He [13].
For dilute atomic gases, coherent oscillations have been
seen in driven two component BECs [14] and in verti-
cal arrays of traps of an optical lattice [15]. However
these are Rabi- or Wannier-Stark-type oscillations and
should not be confused with a genuine ac-Josephson ef-
fect as discussed here. Theoretically, the Josephson effect
in this context has been investigated by Smerzi et al. [16],
who focussed on the nonlinear dynamics of the relative
phase and population difference. Zapata et al. [17] calcu-
lated the Josephson coupling energy due to condensate-
condensate tunneling for weakly coupled harmonic wells
and gave estimates for the normal currents due to the
thermal cloud. These studies were essentially limited to
a mean field like Gross-Pitaevski description, neglecting
noncondensate contributions. More recently Villain and
Lewenstein [18] showed that particles out of the conden-
sate lead to a damping of the relative phase in a two
component condensate with a Josephson like coupling in-
duced by the external driving field [14].
Our aim in this work is to provide a microscopic cal-
culation of the Josephson effect between two weakly in-
teracting BECs separated by a tunnel barrier [19]. Us-
ing an idealized model, we give quantitative results for
both the superfluid and normal currents per area which
only depend on the microscopic parameters of the con-
densate and the barrier transmission amplitude. More-
over, a complete theory is given for the interaction effects
arising in coupled condensates with a fixed total parti-
cle number in the limit, where the number of exchanged
particles is small. The associated dynamics is discussed
within a semiclassical approximation. Using realistic pa-
rameters in dilute atomic gases, the effects due to a fixed
number of particles are appreciable, but do not destroy
the qualitative structure of oscillating Josephson currents
for condensates at different chemical potentials. Our es-
timates indicate that the Josephson effect might be ob-
servable with currently available techniques for 23Na or
lighter atoms.
The outline of the paper is as follows: In section 2, we
introduce the tunneling Hamiltonian model, including a
discussion of the relevant states in condensates with a
fixed total particle number and the general form of the
Josephson coupling energy. This energy and the asso-
ciated nondissipative current is calculated up to second
order in the tunneling matrix elements in section 3. For
a finite, given difference in the chemical potentials we
determine in section 4 the complete particle current in
terms of the normal and anomalous spectral functions of
the individual condensates. In section 5, we develop an
exact functional integral representation of the reduced
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quantum mechanics of weakly coupled Bose condensates
which incorporates the effect of interactions at fixed to-
tal particle number. In section 6, explicit results are
given for an idealized geometry, determining the physi-
cally relevant currents per area from microscopic param-
eters which characterize the separate condensates. The
resulting semiclassical dynamics of the relative phase, in-
cluding ‘charging’ effects and dissipation, is solved nu-
merically in section 7 for parameters, which are realistic
for current condensates of dilute atomic gases. Moreover,
we test the tunneling Hamiltonian Ansatz by comparing
it with exact numerical results for the one-dimensional
GPE with a barrier. Conclusions and open questions are
discussed in section 8.
II. THE TUNNELING HAMILTONIAN
Conceptually, the most obvious way to realize a
Josephson geometry for BECs with current experimen-
tal setups, is to split a single condensate in a long trap
into two separate parts by a narrow light sheet produced
by a blue detuned laser. The repulsive potential due to
the ac-Stark shift is proportional to the laser intensity
and thus the height and width of the barrier may be
varied in a considerable range. In the limit of a strong
barrier one has to zeroth order two completely separate
condensates a and b with Hamiltonians Hˆa/b. Provided
that the coupling energy EJ due to the transfer of par-
ticles across the barrier is small compared to the ground
state energies of Hˆa/b, which are of order µN , the cou-
pled system may then be approximated by a tunneling
or transfer Hamiltonian [20]
Hˆ = Hˆa + Hˆb + HˆT (1)
in which the contribution HˆT = Λˆ + Λˆ
† describing the
transfer of particles between a and b can be treated per-
turbatively. Formally, introducing a set of orthonormal
eigenstates {|l〉} and {|r〉} which decay exponentially in
the barrier where a and b overlap, an instantaneous trans-
fer is described by a term
Λˆ = −
∑
l,r
tlraˆ
†
l aˆr (2)
with tunneling amplitudes tlr, which may be expressed
in terms of current matrix elements between the left and
right eigenstates [20] (see section 6 below). The signs here
have been choosen in such a way that for positive, real
ground state wave functions in a and b, the associated
tunneling amplitude is positive, giving rise to a lower-
ing of the ground state energy in the coupled system, as
expected in a standard double well situation. While a
rigorous derivation of the transfer Hamiltonian is rather
difficult [20], it is expected to be valid for high and narrow
barriers, for which the mean field interaction of the con-
densate is negligible within the barrier. This is in fact
confirmed through numerical calculations in an exactly
soluble one-dimensional geometry in section 7. Note that
the states {|l〉} and {|r〉} introduced in Eq. (2) are not
mutually orthogonal, and thus Hˆa and Hˆb do not com-
mute beyond zeroth order in HˆT [21]. Moreover, the
creation and annihilation operators in (2) refer to the
transfer of atoms, not that of quasiparticles, which are
the proper excitations only within the individual conden-
sates.
As pointed out by Ferrell and Prange [22], the essence
of the Josephson effect is that in the absence of any drop
∆µ in the chemical potential between both sides, no en-
ergy is required to transfer a condensate atom across the
barrier (note that a finite value of ∆µ may be present ei-
ther externally e.g. by a drop in the gravitational poten-
tial as in the experiment by Anderson and Kasevich [15],
or may arise internally at finite transfer currents through
‘charging’ effects discussed in section 5 below). Thus the
states |ν〉 = |N¯a + ν , N¯b − ν〉 in which an arbitrary in-
teger number ν of condensate atoms have tunneled from
right to left, are degenerate. The ground state of the
coupled system is therefore not an eigenstate |ν〉 with a
definite relative particle number, but rather a coherent
superposition
|ϕ〉 =
∑
ν
cνe
iνϕ|ν〉 (3)
with a definite relative phase ϕ = ϕa − ϕb. Here the
cν are real coefficients obeying
∑
c2ν = 1 which are con-
stant around ν = 0, decaying to zero only at |ν| of order√
Na/b. In terms of the eigenstates |ϕa, ϕb〉 in which each
of the condensates has a definite overall phase ϕa,b, the
state |ϕ〉 can be expressed in the form
|ϕ〉 ∝
∫ 2π
0
dϕb
2π
e−i(Na+Nb)ϕb |ϕb + ϕ, ϕb〉, (4)
using the standard relation between states with a fixed
phase or a fixed particle number [12]. The state with
a definite relative phase is thus a projection of states
|ϕa, ϕb〉 with a broken gauge symmetry in the individual
condensates to one with a definite total particle number
Na +Nb.
The delocalization in the relative particle number ν
described by the coherent state |ϕ〉, gives rise to a lower-
ing of the energy of the coupled condensates in the same
manner, in which a Bloch state gains kinetic energy by
spreading over many sites in a periodic potential with lo-
calized Wannier orbitals labeled by ν. In a time reversal
invariant situation, this energy (or free energy at T 6= 0)
must be even and periodic in ϕ → ϕ + 2π. Quite gen-
erally it can thus be expanded in a Fourier series of the
form [23]
E(ϕ) =
∞∑
n=0
En cosnϕ. (5)
Since ν and ~ϕ are canonically conjugate variables, the
nondissipative current
2
I(ϕ) = −dν
dt
= −∂E(ϕ)
∂ ~ϕ
=
∞∑
n=1
In sinnϕ (6)
can be obtained from the knowledge of the phase depen-
dent part of the coupling energy between the two con-
densates. Within a tunneling Hamiltonian description,
the coefficients En = ~In/n are of order |HˆT |n. It is
thus usually sufficient to keep only the lowest nonvan-
ishing term, conventionally denoted by −EJ , which is
negative in the standard situation, where the lowest en-
ergy state is that with a vanishing relative phase ϕ = 0.
As will be shown below, for Bose condensates the Joseph-
son coupling arises already in first order in the tunneling
amplitudes,
< ϕ|HˆT |ϕ >= −EJ cosϕ (7)
with a positive Josephson coupling energy EJ , which
immediately determines the associated critical current
Ic = EJ/~. For superconductors, in turn, where the
Josephson effect is associated with the coherent tunnel-
ing of pairs, the first order term vanishes and EJ is pro-
portional to the average of |tlr|2 at the Fermi energy. The
latter being a direct measure also of the normal currents,
one obtains the well known relation
2EBCSJ = ∆tanhβ∆/2 · hGn/4e2 (8)
connecting the BCS Josephson coupling to the super-
conducting gap ∆ and the dimensionless normal state
conductance Gn [24].
Since tunneling is a small perturbation, the fact that
there is a Josephson effect already in first order for a
Bose condensed system, might seem to make higher order
calculations unnecessary in this case. In fact, there are
two reasons why this is not so: First of all, it turns out
that realistic barriers which allow to observe a Josephson
effect in coupled BECs have to be small enough, that
higher order effects are nonnegligible. More importantly,
though, it is only at second order that dissipative effects
appear through normal currents which, as we will see,
can have strong effects even if they are small.
III. THE PHASE DEPENDENT COUPLING
ENERGY
In order to calculate the change in energy due to tun-
neling, we employ perturbation theory up to second order
in the transfer term HˆT . To be specific, we assume that
the condensate size is large compared with the coherence
length ξ = (8πna)−1/2 over which the condensate wave
function varies [4]. Under this condition, which is well re-
alized in present gaseous BECs, the eigenstates |l〉 and |r〉
introduced above for a weakly interacting gas are given
by
• the condensate ground states φa/b(x/y) which fol-
low from a solution of the Gross-Pitaevski equation
in the given confining potential, and
• a set of excited states orthogonal to φa/b(x/y),
which may be labeled by nonzero wavenumbers k or
q for condensates a and b respectively. These states
are obtained by solving the standard Bogoliubov-
equations in a local density or - equivalently - a
semiclassical approximation, resulting in wavefunc-
tions and energies like that in a homogeneous sys-
tem with a local condensate density nc(x) [25].
The transfer operator
Λˆ = −tccaˆ†c,aaˆc,b −
∑
k
tkcaˆ
†
kaˆc,b
−
∑
q
tcq aˆ
†
c,aaˆq −
∑
k,q
tkq aˆ
†
kaˆq (9)
is thus split into contributions describing condensate
to condensate (c-c), condensate to noncondensate (c-
nc) and noncondensate to noncondensate (nc-nc) tun-
neling. To first order in HˆT , only the c-c term con-
tributes and gives rise to an energy gain of precisely
the form (7), with a positive Josephson coupling energy
EBECJ = 2tcc(N¯aN¯b)
1/2, which favors a fixed relative
phase ϕ = 0 in the ground state of the coupled system.
Here, as in the rest of our work, we have assumed that |ν|
remains much smaller than the average number N¯a/b of
condensate atoms in each well. The Josephson coupling
energy is thus independent of the number of transferred
atoms to lowest order.
For the calculation of the second order energy shift
∆E(2) = −
∑
e
|〈e|HˆT |0〉|2
Ee − E0 (10)
involving all possible excited states |e〉, we follow a
derivation given by Ferrell for the analogous case of
Josephson tunneling between two BCS superconductors
[26]. As is evident from (9), there are three contributions
to the transfer Hamiltonian involving excited states: two
c-nc terms and one nc-nc contribution. Denoting time
reversed states by k¯ = −k and using the time reversal
invariance relation tck = tk¯c, the contribution which de-
scribes tunneling between condensate b and nonconden-
sate states in a can be written as
Hˆcb−ncaT = −
∑
k
tkc
(
aˆ†kaˆcb + aˆ
†
cbaˆk¯
)
. (11)
Starting in a state |ν〉 with a definite number of atoms in
each condensate but no excitations, the relevant excited
states |k, ν〉 associated with the first term in (11) are
those, in which a condensate atom from b is transferred
to a quasiparticle k in a. With the standard Bogoliubov
transformation
aˆ†k = ukαˆ
†
k − vkαˆk¯ (12)
between the Boson or quasiparticle creation operators aˆ†k
or αˆ†k, the associated matrix element is
3
〈k, ν|Hˆcb−ncaT |ν〉 = −tkcuk
√
N¯b , (13)
again assuming |ν| ≪ N¯b. Now precisely the same excited
state with energy Ek (both Ek and the particle and hole
amplitudes uk and vk are positive and even in k, following
standard notation [27]) can be reached from the state
|ν + 2〉 by converting two condensate atoms in a to a
pair (k, k¯) and transferring one of the partners k¯ to a
condensate state in b, as indicated by the second term in
(9). The amplitude for this process is
〈k, ν|Hˆcb−ncaT |ν + 2〉 = tkcvk
√
N¯b. (14)
It differs from (13) by the replacement uk → −vk since
the amplitude for creating a quasiparticle with momen-
tum k by destroying an atom with momentum −k is −vk.
In more physical terms, the relative minus sign between
these amplitudes may be understood by noting, that in
the Bogoliubov theory (and in fact quite generally for a
Bose condensed system) there is a fixed relative phase
π between the condensate and pairs (k, k¯) of nonconden-
sate atoms [28]. This minimizes the repulsive interaction,
giving rise to a gapless excitation spectrum in contrast to
the result of a Hartree-Fock approximation. The phase
locking between condensate and noncondensate is also
implicit in the form
|ϕa〉 ∝ exp
(
eiϕa
√
Naaˆ
†
c,a − e2iϕa
∑
k
uk
vk
aˆ†kaˆ
†
k¯
)
(15)
of the Bogoliubov ground state for a homogeneous sys-
tem with a well defined overall phase ϕa, as introduced
in (4) above. Now, as emphasized before, the ground
state of the coupled condensates is one with a definite
relative phase ϕ, in which the amplitudes (13) and (14)
add coherently
〈k, ν|Hˆcb−ncaT |ϕ〉 = −eiνϕtkc
√
N¯b
(
uk − e2iϕvk
)
. (16)
With Ek as the relevant excitation energy, this gives rise
to a phase dependent contribution
N¯b
∑
k
|tkc|2
Ek
2ukvk · cos 2ϕ (17)
to the second order energy shift. Using 2ukvk = µa/Ek
and exchanging the roles of condensates a and b, the
total c-nc contribution to the phase dependent energy in
second order is(
N¯aµb
∑
q
|tcq|2
E2q
+ N¯bµa
∑
k
|tkc|2
E2k
)
· cos 2ϕ. (18)
Obviously this term, which is much larger than the nc-nc
contribution derived below, favors a relative phase ϕ =
π/2 of the coupled condensates. In the weak tunneling
regime considered here, however, it is always the leading
first order term (7) which dominates, leading to a ground
state with ϕ = 0. To obtain the nc-nc contribution, we
use again time reversal invariance to write
Hˆnc−ncT = −
∑
k,q
tkq
(
aˆ†kaˆq + aˆ
†
q¯ aˆk¯
)
. (19)
The relevant excited states |k, q¯, ν〉 now have energy Ek+
Eq and are characterized by N¯a+ν and N¯b−ν−2 atoms in
condensates a and b plus one quasiparticle k respectively
q¯ on each side. Corresponding to the two contributions
in (19), these states can be reached starting from either
|ν〉 or |ν + 2〉. Adding the respective amplitudes in the
actual coherent ground state with a well defined relative
phase, one obtains
〈k, q¯, ν|Hˆnc−ncT |ϕ〉 = eiνϕtkq
(
ukvq + e
2iϕvkuq
)
. (20)
The phase dependent part of the associated second order
energy shift is thus
∆E
(2)
nc−nc(ϕ) = −2
∑
k,q
|tkq |2 ukvk uqvq
Ek + Eq
· cos 2ϕ , (21)
in perfect analogy to the result obtained for a super-
conducting Josephson contact [24,26], where this is the
only contribution. Using the relation between the aver-
age of |tkq |2 at the Fermi energy and the normal state
conductance, (21) directly leads to the result (8) at zero
temperature. For weakly interacting Bose gases, in turn,
with the explicit results (53) and (54) for the matrix ele-
ments given below, the contribution (21) is easily shown
to be smaller than the c-nc contribution (18) by a factor√
na3 [29], and thus is negligible for gaseous BECs.
For a given static value ϕ of the phase difference be-
tween both condensates, the nondissipative current ob-
tained from (6) up to second order in HˆT is thus of the
form
I(ϕ) = −Ic sinϕ− J1(0) sin 2ϕ , (22)
with a positive critical current Ic = EJ/~. The magni-
tude J1(0) < 0 of the second order contribution is −2/~
times the factor in parentheses in (18). The small second
order term changes the value of ϕ at which the current
is maximal from π/2 to π/2 + 2|J1(0)|/Ic, however the
critical current itself is unchanged to this order. In an
open system, with a reservoir of particles, where it is
possible to impose a constant external current, the phase
difference adjusts itself to a constant value, determined
by (22). This is the well known dc-Josephson effect, i.e.
a finite current at vanishing chemical potential difference
∆µ = 0. In the case of two coupled BECs with a fixed
total number of particles, any current flow is connected
with a finite value of ∆µ even in the absence of an ex-
ternal potential drop, because µ depends on the particle
number. Thus, by the Josephson relation (23), one has
inevitably a phase difference which evolves in time. In
addition, finite dissipative currents appear, requiring a
fully dynamical treatment, as will be given in the follow-
ing sections.
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IV. JOSEPHSON AND NORMAL CURRENTS AT
GIVEN ∆µ
In the following, we want to determine the complete
current in a situation with a finite difference in the chemi-
cal potentials. We start by considering the idealized case
in which ∆µ is considered as a fixed, externally given
value. This approximation, which applies to open sys-
tems like standard Josephson contacts between super-
conductors, neglects the change in the chemical potential
associated with the transfer of particles in a system with
a fixed total number of particles, an effect which is taken
up in section 5. A finite value of ∆µ gives rise to an ad-
ditional term ∆µ νˆ to the total Hamiltonian (1). In close
analogy to the calculation of currents in normal and su-
perconducting tunnel junctions, this term may formally
be eliminated by a time dependent gauge transfomation.
One thus obtains a tunneling Hamiltonian with ∆µ = 0,
in which the transfer matrix elements are modulated in
time with a factor eiϕ(t) such that
~
d
dt
ϕ(t) = −∆µ. (23)
Since the current operator
Iˆ = − d
dt
Nˆa = i
(
Λˆ− Λˆ†
)
/~ (24)
is already linear in the tunneling matrix elements, the
problem can, up to second order in HˆT , be formally
treated like in time dependent linear response [20]. It is
then straightforward to show that the expectation value
I of the current is given by
I =
i
~
〈e−iϕ(t)Λˆ(t)− eiϕ(t)Λˆ†(t)〉
+
2
~2
ℜ
∫ t
−∞
dt′
{
e−i(ϕ(t)−ϕ(t
′))〈[Λˆ(t), Λˆ†(t′)]〉 (25)
+e−i(ϕ(t)+ϕ(t
′))〈[Λˆ(t), Λˆ(t′)]〉} ,
where the time dependence of the operators Λˆ and Λˆ† has
to be taken with respect to the unperturbed Hamiltonian
Hˆa + Hˆb. The expectation values reduce to ones in the
associated ground state, provided we restrict ourselves to
the limit of zero temperature, as is done throughout in
the following.
As was pointed out above, the eigenstates of Hˆa + Hˆb
for gaseous BECs can be choosen as the Gross-Pitaevski
wave functions in each well, and a set of excited states
obtained from solving the Bogoliubov equations in local
density approximation. As long as the number of trans-
ferred particles remains small compared to N¯a/b, these
states are unaffected to lowest order. Thus both the con-
densate wave function as well as the quasiparticle en-
ergies Ek and amplitudes uk and vk are unchanged by
the current flow. The comparison with the numerical
results in section 7 will show, that at least on the Gross-
Pitaevski level this approximation is well justified in the
weak tunneling limit discussed here.
The first term on the right hand side of Eq. (25) is
then
i
~
〈e−iϕ(t)Λˆ(t)− eiϕ(t)Λˆ†(t)〉
= −2tcc
~
√
N¯ caN¯
c
b sinϕ(t) = −Ic sinϕ(t) , (26)
in perfect agreement with the result derived in the pre-
vious section for a static situation. The second term in
Eq. (25) involves noncondensate tunneling. At fixed ∆µ,
it is readily evaluated within Bogoliubov theory, giving
three contributions:
2
~2
ℜ
∫ t
−∞
dt′
{
e−i(ϕ(t)−ϕ(t
′))〈[Λˆ(t), Λˆ†(t′)]〉
+e−i(ϕ(t)+ϕ(t
′))〈[Λˆ(t), Λˆ(t′)]〉}
= Jn(∆µ)− J1(∆µ) sin 2ϕ(t) + J2(∆µ) cos 2ϕ(t). (27)
The first one is a phase independent normal current, ac-
counting for the expected dissipative current flow towards
the lower chemical potential. The sin 2ϕ-term describes a
second order Josephson current, associated with the cor-
responding phase dependent coupling energy derived in
the previous section. Finally there is an interference cur-
rent proportional to cos 2ϕ which is out of phase by π/2
from the corresponding Josephson contribution. Similar
to the related cosϕ-term in superconductors [11], this is
a dissipative current which vanishes at ∆µ = 0, as the
normal current does. Within the local density approx-
imation for solving the Bogoliubov-equations, the cur-
rent amplitudes Jn, J1 and J2 can be expressed in terms
of the tunneling matrix elements and the normal and
anomalous spectral functions A(k, ω) and B(k, ω) of the
weakly interacting homogeneous Bose gas. In standard
notation [27] they read
A(k, ω) = 2π
{
u2kδ(ω − Ek/~)− v2kδ(ω + Ek/~)
}
(28)
B(k, ω) = 2πukvk
{
δ(ω + Ek/~)− δ(ω − Ek/~)
}
. (29)
With nB(x) = (expβx− 1)−1 as the Bose distribution
function, the current amplitudes in Eq. (27) are then
given by
Jn(∆µ) = N¯
c
a
∑
q
|tcq|2
~2
A(q,∆µ/~)
−N¯ cb
∑
k
|tkc|2
~2
A(k,−∆µ/~)
+
∑
k,q
|tkq |2
~2
∫ ∞
−∞
dω
2π
[nB(~ω)− nB(~ω +∆µ)]
A(k, ω)A(q, ω +∆µ/~) (30)
and
5
J2(∆µ) = N¯
c
a
∑
q
|tcq|2
~2
B(q,−∆µ/~)
+N¯ cb
∑
k
|tkc|2
~2
B(k,−∆µ/~)
−
∑
k,q
|tkq|2
~2
∫ ∞
−∞
dω
2π
[nB(~ω)− nB(~ω +∆µ)]
B(k, ω)B(q, ω +∆µ/~). (31)
The amplitude J1(∆µ) of the second order Josephson
current can be obtained from that of the associated dis-
sipative contribution J2(∆µ) via a Kramers-Kronig rela-
tion
J1(∆µ) = −P
∫ ∞
−∞
dω
π
J2(~ω)
ω −∆µ/~ . (32)
It is straightforward to check, that at zero temperature
and vanishing ∆µ, the combination ~J1(0)/2 is identical
with the sum of the coefficients of cos 2ϕ in (18) and (21)
of the second order phase dependent coupling energy, as
it should. As noted in the previous section, a particular
feature of tunneling between Bose condensates is the ap-
pearance of c-nc contributions. Indeed, as the first two
terms in Eq. (30) show, they also contribute to the phase
independent normal current, where they are in fact dom-
inant compared to the conventional nc-nc contribution
described by the last term. Another point that should
be mentioned, is the absence of a second order contri-
bution due to c-c tunneling [29]. This follows because
the commutators involving only condensate operators in
Eq. (25) vanish. A different proof of this result may be
obtained, by considering all possible Feynman diagrams
associated with second order tunneling processes. Dia-
grams proportional to |tcc|2 are reducible and thus give
no separate contribution.
The similarity of the second order currents in BECs
and superconductors is a result of the close formal anal-
ogy of Bogoliubov and BCS theory. The additional con-
tributions due to c-nc tunneling in BECs lead to inter-
esting new features, however. As will be discussed in sec-
tion 6, for the Bose case the dissipative currents Jn(∆µ)
and J2(∆µ) remain finite at zero temperature in contrast
to superconductors, where they vanish exponentially due
to the presence of an energy gap. These currents thus
provide a mechanism for the damping of Josephson os-
cillations even at T = 0. Similar to the situation in
superconductors [30], it may be shown that the total dis-
sipation associated with the two irreversible currents is
always positive [29]. Physically, this property is equiv-
alent to the statement, that the sum Jn + J2 cos 2ϕ is
strictly positive for ∆µ > 0, i.e. the total dissipative
current always flows towards lower chemical potential. It
therefore leads to a reduction of ∆µ and hence to a damp-
ing of the phase dynamics, similar to the contribution of
excited states in driven two component condensates dis-
cussed in [18].
V. PATH INTEGRAL DESCRIPTION
So far, we assumed ~ϕ˙ to be given externally, thus ne-
glecting the variation of the chemical potential with the
total number of particles. As we will see, however, this ef-
fect is quantitatively important even in the regime where
Na −Nb ≪ N¯a/b. To lowest order in ν/N¯a/b, the depen-
dence of the chemical potential on the actual number of
particles can be accounted for by an additional ‘charging’
energy U(Nˆa − Nˆb)2/8, with U = ∂µa/∂Na + ∂µb/∂Nb
being of order µ/N¯ . In the limit U & ~Ic, this term sup-
presses phase coherence, since by canonical quantization
νˆ → i∂/∂ϕ , charging effects are equivalent to quantum
fluctuations of ϕ. For any U 6= 0, the chemical poten-
tial difference in ~ϕ˙ = −∆µ contains an internal con-
tribution Uν proportional to the number of transferred
bosons. The resulting dynamics of ϕ is therefore intrinsi-
cally nonlinear. Within a simple description, these effects
have already been introduced by Smerzi et.al. [16], who
also took into account the ν-dependence of the Joseph-
son coupling EJ ∝
√
(N¯a + ν)(N¯b − ν). While this effect
is indeed relevant for strong asymmetries ν = O(N¯a/b),
it is negligible compared to the charging term of order
µν2/N¯ provided we are in the regime EJ ≪ µN¯ where
Josephson tunneling is a small perturbation. In order to
include charging effects in a microscopic description, we
use the formalism developed by Ambegaokar, Eckern and
Scho¨n [31] for superconductor tunnel junctions.
In a coherent state path integral formulation for inter-
acting bosons, the grand- canonical partition function of
two coupled condensates is given by
Z =
∫
DψaDψb exp−
∫ β~
0
dτ
~
[∫
d3xψ∗a(~∂τ − µa)ψa
+
∫
d3y ψ∗b (~∂τ − µb)ψb +H(ψa, ψb)
]
. (33)
Here µa/b fix the average number N¯a/b of atoms in each
condensate, while H(ψa, ψb) is the standard representa-
tion of the basic Hamiltonian (1), in which the bosonic
field operators are replaced by complex c-number fields
ψa/b(x/y, τ), depending both on the spatial coordinates
plus an imaginary time like variable τ [32]. With the
charging term explicitly included in H(ψa, ψb), Eq. (33)
is also appropriate for describing a system with Na+Nb
fixed. As in the analogous fermionic problem of coupled
superconductors, it is convenient to introduce an aux-
iliary path integral
∫
DV to remove the charging term
quartic in the fields via a Hubbard-Stratonovich trans-
formation. The functional integral is then evaluated in a
saddle point approximation, the saddle point being just
the condensate wavefunction for two separate conden-
sates. Performing a gauge transformation, we may re-
place the integration variable V (τ) by the phase ϕ(τ),
which is the dynamical variable of interest. Further-
more, we introduce Nambu spinors Ψ˜† = (ψ˜∗a, ψ˜a, ψ˜
∗
b , ψ˜b)
for the Gaussian fluctuations around the saddle point
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Φ† = (φ∗a, φa, φ
∗
b , φb). The full partition function is then
given by
Z = e−S0
∫
Dϕ
∫
DΨ˜DΨ˜†
exp−
∫ β~
0
dτ
~
[
~
2ϕ˙2
2U
− EJ cosϕ
+
1
2
∫
d3x d3y Ψ˜†(−G−1 + t˜)Ψ˜ + Ψ˜† t˜Φ+ Φ† t˜Ψ˜
]
,
(34)
where S0 is a bulk contribution to the action. In coordi-
nate space, the 4× 4 tunneling matrix t˜ is defined by
t˜ =
(
0 tˆxy
tˆ†xy 0
)
, tˆ =
(
txy 0
0 t∗xy
)
, (35)
while the differential operator G−1 satisfies
G−1
(
Ga 0
0 Gb
)
=
(
δ(x− x′)1 0
0 δ(y − y′)1
)
δ(τ − τ ′).
(36)
In the last equation, Ga/b is shorthand for the noncon-
densate part of the 2 × 2 matrix Green’s function for a
weakly interacting Bose gas, as defined in [27].
Completing the square in the exponent of (34), the
Gaussian integral over Ψ˜ is readily performed and yields
Z = ZaZb
∫
Dϕ(τ) exp(−S[ϕ]/~). (37)
Here, Za/b are the partition functions of the separate con-
densates, while tunneling effects are taken into account
by an effective action for the relative phase
S[ϕ]=
∫ β~
0
dτ
(
~
2ϕ˙2
2U
− EJ cosϕ
)
−~
∫ β~
0
dτ dτ ′ [α(τ − τ ′) cos(ϕ− ϕ′)
+β(τ − τ ′) cos(ϕ+ ϕ′)] , (38)
where ϕ = ϕ(τ) and ϕ′ = ϕ(τ ′). The integral kernels
α(τ) and β(τ) may be expressed in terms of the currents
Jn(∆µ) and J2(∆µ), introduced in the previous section
via their Fourier coefficients
α(iωn) =
∫ ∞
−∞
dω
2π
Jn(−~ω)
iωn − ω (39)
β(iωn) =
∫ ∞
−∞
dω
2π
J2(~ω)
iωn − ω , (40)
in an expansion of the β~-periodic functions
α(τ) =
1
β~
∑
n
e−iωnτα(iωn) (41)
in bosonic Matsubara frequencies ωn = 2πn/β~, n inte-
ger.
The effective action Eq. (38) is formally identical with
the one obtained for a superconducting Josephson con-
tact [31], except for the additional local contribution
−EJ cosϕ(τ) describing the first order Josephson effect
due to c-c tunneling. The terms nonlocal in time give rise
to both the second order Josephson currents related to
β(τ−τ ′) and the normal current associated with α(τ−τ ′).
For the idealized model discussed in section 6, where
J2(∆µ) and Jn(∆µ) are linear for small values of the
chemical potential difference, both α(τ) and β(τ) asymp-
totically decay like 1/τ2, i.e., the Josephson contact ex-
hibits ohmic dissipation.
An exact evaluation of the path integral in (37) is obvi-
ously impossible, since the effective action is nonlocal and
- in particular - nongaussian. Nevertheless, as shown by
Ambegaokar, Eckern and Scho¨n [31], it is a useful start-
ing point for the derivation of a semiclassical approxima-
tion for the phase dynamics. Indeed, from the imaginary
time description, it is possible to derive a semiclassical
equation of motion in real time, which has the form of a
classical Langevin equation with state dependent quan-
tum noise. In the limit where J2(∆µ) and the normal
current Jn(∆µ) = Gn∆µ are purely ohmic, it reads
~ϕ¨
U
+G(ϕ)~ϕ˙ + Ic sinϕ+ J1 sin 2ϕ = η1 cosϕ+ η2 sinϕ,
(42)
where η1,2 are independent Gaussian random forces.
Their autocorrelation function may be expressed in terms
of the real time functions α(t) and β(t) via
〈η1/2(t)η1/2(t′)〉 = 2
[
αI(t− t′)∓ βI(t− t′)], (43)
where αI and βI are the imaginary parts of the analytic
continuation of α(τ) and β(τ) similar to [31]. The damp-
ing term is proportional to a phase dependent effective
conductance G(ϕ) = Gn(1 + cos 2ϕ), with a normal con-
ductance Gn, which will be explicitly evaluated in section
6. It gives rise to a relaxational dynamics with a typical
time scale 1/GnU . Even without damping, however, the
ϕ¨-term leads to currents which are not perfectly sinu-
soidal for a given external chemical potential difference.
Neglecting the fluctuating forces, the resulting average
dynamics will be discussed in section 7 for realistic val-
ues of the parameters in weakly coupled BECs.
VI. AN EXPLICIT MODEL
If the trap potential close to the barrier varies slowly on
the scale of the coherence length ξ, we may apply the ap-
proximations discussed in section 3, using eigenstates of
a locally homogeneous system with constant external po-
tential throughout a and b, respectively. A simple model
geometry for such a Josephson junction is shown in Fig. 1:
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FIG. 1. The model geometry considered for the evaluation
of the current densities.
Two BECs confined in a cubic volume L3 are separated
by a square potential barrier of height VB and width d.
For simplicity, we impose periodic boundary conditions
in the directions parallel to the potential barrier. This
simple model accounts for the fact, that all currents must
scale linearly with area. It allows us to calculate the rel-
evant currents per area in terms of microscopic parame-
ters of the bulk condensates. For a concrete experimental
setup, one may then determine the actual critical current
Ic = jcA from the associated current densities and the
effective contact area A.
For this system, the currents Ic, Jn, J1 and J2 may
be evaluated explicitly from the detailed form of the tun-
neling matrix elements. Since we have assumed trans-
lation invariance parallel to the barrier, the associated
momenta ~k‖ , ~q‖ are conserved, and the problem is effec-
tively one-dimensional (1d). The tunneling amplitudes
are then obtained from the current matrix elements [20]
tlr =
~
2
2m
[
χl
dχr
dz
− χr dχl
dz
]
z=0
· δ~k‖,~q‖ (44)
of the 1d wave functions χl,r(z), taken at the center of
the barrier at z = 0. In the limit of weak tunneling,
the barrier height VB is much larger than the average
chemical potential µ¯ = (µa + µb)/2. The wave functions
in (44) are therefore effectively single particle eigenstates
which decay exponentially like exp±κµz, with inverse
characteristic length κµ =
√
2m(VB − µ)/~2. For a small
difference ∆µ = µa − µb ≪ µ¯ in the chemical potentials,
(44) then reduces to
tlr =
~
2κµ¯
m
χl(0)χr(0) · δ~k‖,~q‖ . (45)
The calculation of the different tunneling amplitudes tcc,
tkc and tkq, thus requires
• a solution of the 1d GPE for a finite barrier, which
approaches φc =
√
Nc · χc → √nc far from the
barrier, i.e. a uniform condensate with density nc
(note that the boundaries at z = ±(L + d/2) are
irrelevant since L≫ ξ), and
• corresponding solutions of the 1d Bogoliubov equa-
tions with finite momenta k , q, which smoothly
connect to the exponentially decaying single par-
ticle states below the barrier.
For concreteness we consider the eigenstates χl in con-
densate a, to the left of the barrier. It is then straight-
forward to show that
χc,a(z) =
1√
L
κµaξa√
2
(√
1 +
2
(κµaξa)
2
− 1)e−κµa (z+d/2)
VB≫µa→ 1√
L
1√
2κµaξa
e−κµa (z+d/2) (46)
provides an appropriate solution of the GPE. It
is obtained by connecting the well known solution
−√nc tanh z+δ√2ξ of the full GPE in the regime z < −d/2 to
an exponentially decaying solution of the linearized equa-
tion below the barrier z > −d/2. The condition that χ
and its first derivative are continuous at z = −d/2 fixes
the prefactor in the solution of the linear equation. The
linearization is justified in the limit κξ ≫ 1, where the
mean field interaction is negligible compared to the re-
pulsive potential separating the two condensates. Using
the solution (46) and the condition ∆µ ≪ µ¯, the c-c
tunneling amplitude is given by
tcc = f(VB/µ¯) ·
√
µaµb
κµ¯L
e−κµ¯d , (47)
with a correction factor
f(x) =
(
1− (x−
√
x2 − 1)
)2
, (48)
which is smaller than one and approaches unity in the
high barrier limit VB ≫ µ¯. Since tcc is proportional
to 1/L, the resulting Josephson coupling energy EJ =
2tcc
√
N¯aN¯b scales like the contact area A = L
2, as it
should. The associated critical current density is
jc = 2f(VB/µ¯)
(µanc,a µbnc,b)
1/2
~κµ¯
· e−κµ¯d. (49)
As expected, it is linear in the barrier transmission ampli-
tude exp−κµ¯d. More interesting is the prefactor which,
by the standard relation 2p = µnc for the ground state
pressure of a weakly interacting Bose gas, is just pro-
portional to the geometric average of the ground state
pressures pa and pb of the two condensates. It is in-
structive to compare this with the corresponding result
for coupled ideal Bose gases, where the condensate wave
functions are the well known wavefunctions of the one
particle ground state in a potential well of finite height.
The associated c-c tunneling amplitude is then readily
evaluated, giving
t(0)cc = 2π
2 ~
2
m
1
κµ¯L3
e−κµ¯d. (50)
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¿From this, we immediately find a critical current
I(0)c = 4π
2
~
√
n¯can¯
c
b
mκµ¯
e−κµ¯d (51)
which is independent of the contact area. Evidently, the
behaviour implied by Eq. (51) is an artefact of the ideal
Bose gas, which exhibits a vanishing quantum pressure
below the condensation temperature Tc in the thermo-
dynamic limit. The critical current density thus remains
finite for large contact areas only if the repulsive interac-
tion between the particles is included. The linear scaling
of the critical current with area is also found in the model
by Zapata et al. [17]. In fact, our result for the critical
current agrees with theirs for a plane barrier to leading
order in e−κµ¯d, i.e. with f = 1. As a final point of our
discussion of c-c tunneling, we mention that due to theN -
dependence of the chemical potential in (47), the ampli-
tude tcc - which is identical with the coupling parameter
K introduced in [16] - depends on the number of particles
in the condensate. In the limit |ν| ≪ N¯a/b discussed here,
this effect is negligible compared to the charging effects,
as mentioned above. In situations, however, where |ν|
becomes itself of order Na/b, this dependence is impor-
tant and the c-c tunneling amplitude cannot be treated
as a constant, as assumed in ref. [16].
To calculate the remaining amplitudes tkc and tkq
which enter into the higher order and dissipative cur-
rents, we need to match a solution of the 1d Bogoliubov
equation for a homogeneous condensate in z < −d/2 to
an exponentially decaying wave function below the bar-
rier. Since the condensate density nc(z) there vanishes
very quickly like exp−2κz, the mixing between the am-
plitudes uk(z) and vk(z) may be neglected (for simplicity,
k and q here are just the z-components of the original 3d
wave vectors k and q). Connecting the trivial solution
(2/L)1/2 sin (kz + δ) for uk(z) in a, to one below the bar-
rier such that the function and its first derivative are
continuous at z = −d/2, we find
χk(z) =
(
2
L
)1/2
k
κµa
· e−κµa (z+d/2). (52)
Here, it has been assumed that k ≪ κ, i.e. the kinetic
energy for motion perpendicular to the barrier is small
compared to VB . The tunneling amplitudes involving
noncondensate states now follow easily from (45) and are
given by
tkc =
~
2
mξaκµ¯L
k√
1 + (kξ)2
e−κµ¯d · δ~k‖,~0 (53)
and
tkq =
2~2
mκµ¯L
kq√
1 + (kξ)2
√
1 + (qξ)2
e−κµ¯d · δ~k‖,~q‖ , (54)
again assuming ∆µ ≪ µ¯. These matrix elements vanish
linearly with the incoming momentum at low energies, as
expected for a tunneling amplitude. In order to avoid the
related unlimited increase of the amplitudes for large mo-
menta, we have introduced a cutoff 1/
√
1 + (kξ)2 which
leads to a saturation of the matrix elements at an en-
ergy scale still much smaller than the barrier height VB .
In fact for energies in this range, the transfer Hamilto-
nian fails, because the coupling between the two sides
can no longer be treated perturbatively. Fortunately, for
small chemical potential differences ∆µ ≪ µ¯, only the
low energy phonon like excitations with sound velocity
c =
√
µ/m contribute to Jn and J2. Indeed, for small
frequencies, the spectral functions are antisymmetric in
ω and are equal up to a sign
A(k, ω) ≃ −B(k, ω) = πµa
~ω
δ(ω − cak) (ω > 0). (55)
The sum over momenta is thus restricted to a regime
where the cutoff is irrelevant. It plays a role only for the
less important second order Josephson current J1, which
is small compared to the leading first order term, with a
typical magnitude
J1(∆µ = 0) ≈ Ic · e−κµ¯d/κµ¯ξ. (56)
Using (55), the c-nc contributions to Jn and J2 are read-
ily evaluated in the limit L→∞, where the one particle
energy spectrum becomes continuous. To lowest order in
the chemical potential difference, both currents are linear
in ∆µ, behaving like
Jn(∆µ→ 0) = J2(∆µ→ 0) = Gn∆µ. (57)
The associated normal conductance per area for a sym-
metric situation is finite at zero temperature and given
by
Gn/A =
2
√
2nc
~κ2µ¯ξ
· e−2κµ¯d. (58)
Concerning the nc-nc terms, it is straightforward to see
that their contribution to Gn vanishes like T
4 and thus
is negligible. The same applies to the nc-nc contribution
to J1(∆µ = 0) which, as noted in section 3, turns out to
be smaller than the c-nc term (56) by a factor
√
na3 [29].
A remarkable feature of tunneling between Bose con-
densates is the presence of a normal conductance pro-
portional to the condensate density. Contrary to the sit-
uation encountered in superconductors, the dissipation
in a Bose Josephson junction thus remains finite even at
T = 0. It is obvious that this result relies on the con-
tinous excitation spectrum of the homogeneous system,
and thus its relevance to BECs in traps might be ques-
tioned. I practice, though, for ∆µ & ~ω and for the
experimentally relevant temperatures where kBT ≫ ~ω,
the discreteness of the spectrum in the harmonic traps
is irrelevant, and the continuum approximation thus well
justified. We shall see, in the next section, that dissipa-
tive currents play an important role in the dynamics of
coupled BECs, even if they are small.
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VII. DYNAMICS FOR REALISTIC
PARAMETERS
On the basis of our microscopic model developed in
the previous sections, we now aim to provide realistic es-
timates for the necessary requirements and the expected
dynamics in a Bose Josephson junction, which may be re-
alized experimentally with present techniques. Assuming
a contact area A = 20µm2 and a condensate extending
about 10µm in the direction perpendicular to the bar-
rier, we have roughly N¯a = N¯b = 10
5 atoms on each side
on average. With the known mass and scattering length
the associated mean density n = 5× 1014 cm−3 then de-
termines the average chemical potential µ¯ = h× 8.2 kHz
for 23Na, which is the more favorable case for observ-
ing tunneling due its lighter mass compared with 87Rb.
Since the tunneling amplitude decreases exponentially
with barrier thickness d, it is desirable to have widths
d as small as possible. With barriers realized by a blue
detuned laser, d = 1µm is difficult to reach, but still a
realistic value. Using (49), the resulting critical current
can now be determined for any given barrier height. With
a large barrier VB = 5µ¯, however, the resulting critical
current is only Ic = 584 sec
−1, which is far too small to
be observable. Indeed, the corresponding tiny Josephson
coupling energy is not sufficient to establish phase co-
herence across the barrier against even the minute ther-
mal fluctuations at the typical temperatures of gaseous
BECs. In fact, these fluctuations give rise to a smearing
〈∆ϕ2〉 = kBT/EJ of the relative phase. A Josephson ef-
fect, which requires small phase fluctuations 〈∆ϕ2〉 ≪ 1,
is thus only possible if Ic ≫ kBT/~ ≃ 104 sec−1 at
T = 100 nK. For conventional superconductors, where
T is of the order of 1K, this condition expresses the well
known fact that minimum critical currents are around
1µA [33].
In order to observe Josephson tunneling in gaseous
BECs, one therefore needs barriers which are not much
larger than the average chemical potential. For a quan-
titative estimate, it is important to consider the neces-
sary magnitude of the oscillating currents, which are de-
tectable as a clear signal of the Josephson effect against
experimental noise. For a given difference ∆µ in the
chemical potentials, the amplitude of the oscillation in
the number of particles is EJ/∆µ. With current ex-
perimental resolution, this amplitude should be at least
around five percent of the total particle number to be
detectable. Using typical values ∆µ = 0.02µ¯, this re-
quires Josephson coupling energies EJ & 10
−3(Na+Nb)µ¯
(note that this is still consistent with the requirement
EJ ≪ (Na + Nb)µ¯ of a tunneling Hamiltonian descrip-
tion). With the numbers above, this translates into criti-
cal currents Ic & 10
7 sec−1, putting a much stronger limit
than that of negligible thermal fluctuations. To realize
a Josephson contact in the required range, it is neces-
sary to choose a rather small barrier height VB = 1.25µ¯.
The critical current in a condensate with the above pa-
rameters is then around 4 · 106 sec−1. For 23Na, the ob-
servation of a Josephson effect is therefore close to the
limit of detectability, and may be possible in an opti-
mized setup. By contrast, for 87Rb, the achievable criti-
cal currents even for barriers as low as 1.25µ¯ are an order
of magnitude smaller than those in 23Na. Thus it appears
unlikely, that coherent transfer of atoms across a tunnel
barrer may be realized in this case with presently avail-
able condensates.
For a quantitative analysis, it is necessary to con-
sider the time evolution of the relative particle number
ν = (Na − Nb)/2 including ‘charging’ effects and dissi-
pation. As noted in section 5, the total difference ∆µ
in the chemical potential is a sum of a possible external
contribution ∆µ0 (induced e.g. by a difference in the
gravitational potentials as realized in [15]) plus an in-
ternal ‘charging’ term Uν associated with a difference in
the densities due to particle transfer. The generally valid
Josephson relation (23) thus reads
~ϕ˙ = −∆µ0 − Uν . (59)
For a constant ∆µ0, a further time derivative then leads
to the semiclassical equation of motion
~
U
ϕ¨(t) +Gn~ϕ˙(t)(1 + cos 2ϕ(t))
+Ic sinϕ(t) + J1(−~ϕ˙(t)) sin 2ϕ(t) = 0 (60)
provided −ν˙ is replaced by the total current obtained
for a given instantaneous ∆µ = −~ϕ˙. Obviously this is
just Eq.(42) without the fluctuating forces, determining
the dynamcis of the averaged relative phase and the as-
sociated mean current. Eq.(60) is the analog of the well
known resistively shunted junction model for supercon-
ducting Josephson junctions [33], and is valid for small
phase fluctuations 〈∆ϕ2〉 ≪ 1. Apart from the con-
dition EJ ≫ kBT mentioned above, this also requires
that the Josephson coupling is much larger than the
charging energy U . Now, in a symmetric situation with
N¯a = N¯b = N¯ and for the parameters choosen above,
U = 2µ¯/N¯ is only of order h × 0.16Hz compared with
EJ = h× 0.6MHz. Nevertheless, charging effects are far
from negligible, since for small values of ∆µ0 they are the
dominant contribution in (59) driving the phase dynam-
ics. To give a quantitative example, we have numerically
integrated the averaged, semiclassical time evolution of ϕ
and ν for the above parameters, neglecting second order
currents. As is shown in Fig. 2, the normalized particle
number difference z = ν/N¯ for a constant offset poten-
tial ∆µ0 = 0.03µ¯ and initial condition ν(0) = 0 exhibits
appreciable deviations from a pure sinusoidal oscillation
predicted in the absence of ‘charging’ effects. Obviously
both the amplitude and the frequency of the Josephson
oscillations are modified, although only by a factor of or-
der of unity. The typical time scale for the oscillations
is msec, which is well within the reach of experimental
observation.
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FIG. 2. Nonlinearity of the Josephson oscillations due to
charging effects. For the parameters discussed in the text, the
normalized population difference is shown for initial relative
phases ϕ = 0, 1, 2 (from top) both with (solid line) or without
charging effects (dashed line). The time is measured in msec.
Regarding the higher order and dissipative currents,
which have been neglected in Fig. 2, it turns out that for
the low barriers choosen here, the amplitude of the sec-
ond order Josephson current is not much smaller than the
leading term, with a typical value J1(∆µ = 0) ≃ 0.1Ic.
Now although this contribution oscillates at twice the
frequency of the first order term, an experimental detec-
tion is probably out of reach at present, given the narrow
margin for seeing even the dominant effect, as discussed
above. The dissipative normal and interference currents,
however, significantly change the dynamics of the cou-
pled condensates and thus should be indirectly observ-
able even if the individual contributions are tiny. Indeed
from Eq. (60) it is evident, that these currents lead to a
damping of the phase dynamics with a typical time scale
of order τ = 1/GnU . For the parameters choosen above,
the normal conductance is Gn = 250/h, giving a relax-
ation time τ = 0.025s. The amplitude of the Josephson
oscillations will therefore decay to 1/e of their inititial
value after typically 25 periods. As pointed out by Ru-
ostekoski and Walls [34], dissipative currents also elim-
inate the macroscopic quantum self trapping predicted
by Smerzi et.al. [16,35] for systems with a large initial
population imbalance and small Josephson coupling. For
a quantitative estimate, we consider the influence of an
ohmic normal current Jn = Gn∆µ in a simplified equa-
tion of motion for the normalized particle number differ-
ence z. With t˜ = 2tcct/~ as a dimensionless time and for
a symmetric situation with ∆µ0 = 0 they read
dz
dt˜
= −
√
1− z2 sinϕ− 2~Gnµ¯/EJ · z (61)
and
dϕ
dt˜
= −Λz − z√
1− z2 cosϕ . (62)
Here Λ = UN¯/2tcc = µ¯/tcc is essentially the ratio be-
tween the condensate ground state energy E0 ≈ µ¯N¯ and
the Josephson coupling energy EJ = 2tccN¯ . The cosϕ-
contribution in (62) arises from the z-dependence of the
critical current Ic(z) = Ic ·
√
1− z2, relevant for large
asymmetries z = O(1), while the second order Josephson
currents discussed above are neglected for simplicity [36].
The phenomenological equations (61,62) lead to a self
trapping of the condensate, provided Λ is larger than
a critical value which depends on the initial asymmetry
z(0). In the absence of dissipation, the asymmetry will
be maintained in time, leading to a behaviour as shown
in Fig. 3 (dotted line), with z(t) oscillating near its ini-
tial value z(0) = 0.6 (as in ref. [16] we choose Λ = 11 and
ϕ(0) = 0).
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FIG. 3. Destruction of macroscopic quantum self trapping
through dissipative currents. For comparison, the dynam-
ics obtained without dissipation is also shown (dashed line).
Time is measured in units of ~/2tcc and thus with a typical
value tcc = h× 20Hz, t = 25 corresponds to about 0.1 sec
It is obvious that normal currents, which lead to an
equilibration of the chemical potentials ∆µ = µa−µb → 0
for long times, will eventually destroy a self trapped
state. Observation of macroscopic quantum self trapping
is therefore possible only if the time scale 1/GnU for equi-
libration is much larger than ~/2tcc, which is the typical
scale for the dynamics in the trapped state. This requires
that the conductance obeys ~Gn ≪ EJ/2µ¯, i.e. the co-
efficient in front of the dissipative term in (61) should
be small compared to one. Now from our microscopic
results (49) and (58), we find that
2~Gnµ¯/EJ =
2
√
2
f(VB/µ¯)κµ¯ξ
· e−κµ¯d . (63)
For high barriers, with a corresponding tiny Josephson
coupling energy, this ratio can certainly be made small
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enough, such that dissipation has essentially no influence
on the dynamics. As pointed out above, however, realis-
tic systems allowing to observe Josephson tunneling re-
quire small barriers. For those, the inequality is strongly
violated and in fact, for the parameters choosen above,
the ratio in (63) is close to one. For a quantitative exam-
ple, which allows a comparison with the results obtained
in ref. [16], we assume a condensate with much lower den-
sity n ≈ 1.3 · 1013 cm−3 and a comparatively large value
tcc = h × 20Hz, giving Λ = 11 [37]. With reasonable
parameters VB ≈ 2µ¯, κµ¯d = 4.2 and κµ¯ξ = 3, the ratio
in (63) has a rather small value 0.0275. The resulting
time evolution of z(t) including dissipation, is shown as
the solid line in Fig. 3. Evidently self trapping is de-
stroyed rather quickly even in this case and in fact, the
situation does not change qualitatively for other parame-
ters which seem accessible. From our microscopic results,
it thus appears unlikely that macroscopic quantum self
trapping can actually be observed in condensates which
are realizable at present.
Finally we want to discuss the problem, to which ex-
tent the tunneling Hamiltonian is still applicable in a
regime, where the barrier VB is only slightly larger than
the chemical potential, as was assumed above. Now at
least on the mean-field-level, the quality of the transfer
Hamiltonian model may be tested by comparing its pre-
dictions with those obtained from a numerical integration
of the time dependent GPE in the geometry of Fig. 1.
Due to the periodic boundary conditions in the direc-
tions parallel to the potential barrier, the problem is ef-
fectively one-dimensional. The time evolution of the con-
densate wavefunction can thus be easily determined using
a split-operator Fourier technique. In Fig. 4, the normal-
ized number of particles which have tunneled through the
barrier is shown for a case with d = 2ξ ≈ 0.3µm and a
comparatively large value ∆µ0 = 0.2µ¯. Time is measured
in units ~/µ¯, corresponding to about 0.6msec at t = 30
for our values above. The height of the potential barrier
is lowered continuously from an initial value 10µ¯
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FIG. 4. Comparison of the normalized particle number dif-
ference z(t) obtained by a numerical integration of the GPE
(solid line) and from the semiclassical dynamics based on the
tunneling Hamiltonian (dashed line) for a high and narrow
potential barrier with d = 2ξ and VB = 3µ¯
at t = 10 to VB = 3µ¯ at t = 20. Charging effects
are contained intrinsically in the GPE or via the Uν-
contribution to the chemical potential difference; the ini-
tial conditions are ν(0) = ϕ(0) = 0. Evidently, the re-
sult obtained within the transfer Hamiltonian model is
in excellent agreement with that from a numerical solu-
tion of the GPE, in the limit of a high and narrow bar-
rier. Note that there are no adjustable parameters here,
with all quantities being determined by the microscopic
parameters of the Bose system. Remarkably, the trans-
fer Hamiltonian still provides a reasonable approximation
even for the case of relatively wide and low potential bar-
riers, which are relevant experimentally. For example, in
Fig. 5, the function z(t) is plotted for an identical situa-
tion as above, however with d = 5ξ ≈ 0.8µm, VB = 1.4µ¯
and ∆µ0 = 0.1µ¯ Although the semiclassical dynamics
based on the transfer Hamiltonian does not reproduce
the higher harmonics present in the solution of the GPE,
which are essentially a result of the nonadiabatic lowering
of the barrier, it still provides a reasonable approxima-
tion even in this rather extreme case of a barrier which
is only slightly larger than µ¯.
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FIG. 5. Same as Fig.4, but now for a barrier with d = 5ξ
and VB = 1.4µ¯
VIII. CONCLUSIONS AND OUTLOOK
In summary, we have developed a microscopic theory
of Josephson tunneling in weakly interacting BECs. It
is essentially the analog within Bogoliubov theory of the
standard work by Ambegaokar et.al. [24,31] on the tun-
neling Hamiltonian description of the Josephson effect
between BCS superconductors. Apart from the fact that
the Bogoliubov theory only applies far below the con-
densation temperature Tc, while BCS is valid right up
to Tc, there are a number of further crucial differences.
Most importantly, the Josephson effect in BECs arises
already in first order in the tunneling amplitude. As a
result, the Josephson current dominates any other con-
tributions in the limit of weakly coupled condensates, to
which our discussion has been restricted. Nevertheless,
the second order dissipative currents have a strong in-
fluence on the dynamics of coupled condensates, because
they remain finite even at zero temperature due to the
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absence of a gap. Remarkably, the dominant contribution
to the normal current, which leads to a damping of the
Josephson oscillations, arises from c-nc tunneling and is
thus proportional to the condensate density. The explicit
calculation of the total current has been performed here
in a very simplified model. It has the advantage, how-
ever, in providing analytical and physically transparent
results, allowing to determine the currents in a concrete
experimental realization from the knowlegde of the bulk
condensate properties, the barrier height and the effective
contact area. The fact that tunneling in a Bose system is
possible at all energies, made it necessary to specify the
associated matrix elements in much more detail than in
superconductors. There, only the Fermi energy is rele-
vant, and thus the matrix elements can be replaced by a
constant which is fixed by the normal state conductance.
The effect of ‘charging’ for condensates with a constant
total particle number has been shown to be quantita-
tively important in realistic situations, even though the
relevant energy U is much smaller than the Josephson
coupling energy EJ .
Regarding the prospects for an experimental obser-
vation of the Josephson effect in condensates of dilute
atomic gases, our estimates show that this requires bar-
riers which are only slightly higher than the chemical
potential. With presently available condensates, the ob-
servation appears to be possible with 23Na, not, however,
with heavier atoms. One of the problems, for instance,
which may suppress the small oscillating Josephson cur-
rents, are random fluctuations in the barrier height due to
fluctuations in the laser intensity, a complication which
has not been considered so far.
On the theoretical side, quantitative calculations for
realistic geometries of coupled traps (in particular be-
yond the Gross-Pitaevski level) would be useful and also a
careful consideration of finite temperature effects. For ex-
ample, the currents due to particles in the thermal cloud
have been estimated in [17], however more work needs
to be done in this direction. Finally, since Josephson os-
cillation frequencies are typically of the same order than
those of collective modes [5] of the individual conden-
sates, it is important to investigate a possible coupling
between the intra- and inter-well dynamics.
We gratefully acknowledge helpful discussions with T.
Esslinger and I. Bloch on the experimental aspects of our
work.
[1] M.H. Anderson et al., Science 269, 198 (1995)
[2] K.B. Davis et al., Phys. Rev. Lett 75, 3969 (1995)
[3] C.C. Bradley, C.A. Sacket, J.T. Tollett, and R.G. Hulet,
Phys. Rev. Lett. 75, 1687 (1995)
[4] G.Baym and C.J. Pethick, Phys. Rev. Lett. 76, 6 (1996)
[5] F. Dalfovo, S. Giorgini, L.P. Pitaevskii, and S. Stringari,
Rev. Mod. Phys. 71, 463 (1999)
[6] M.R. Andrews et al., Phys. Rev. Lett. 79, 553 (1997)
[7] M.R. Matthews et al., Phys. Rev. Lett. 83, 2498 (1999)
[8] K.W. Madison, F. Chevy, W. Wohlleben and J. Dalibard,
Phys. Rev. Lett. 84, 806 (2000)
[9] C. Raman et al., Phys. Rev. Lett. 83, 2502 (1999)
[10] B. D. Josephson, Phys. Lett. 1, 251 (1962)
[11] B.D. Josephson in R.D. Parks(ed.) Superconductivity,
Vol. 1, New York, 1969
[12] P.W. Anderson, Rev. Mod. Phys. 38, 298 (1966)
[13] O. Avenel and E. Varoquaux, Phys. Rev. Lett. 55, 2704
(1985)
[14] D. S. Hall, M.R. Matthews, C.E. Wieman, and E.A. Cor-
nell, Phys. Rev. Lett 81, 1543 (1998)
[15] B.P. Anderson and M.A. Kasevich, Science 282, 1686
(1998)
[16] A. Smerzi, S. Fantoni, S. Giovanazzi, and S.R. Shenoy,
Phys. Rev. Lett. 79, 4950 (1997)
[17] I. Zapata, F. Sols, and A.J. Leggett, Phys. Rev. A 57,
R28 (1998)
[18] P. Villain and M. Lewenstein, Phys. Rev. A 59, 2250
(1999)
[19] A brief account of our main results was given previously,
see F. Meier and W. Zwerger, cond-mat/9904147
[20] C.B. Duke in F. Seitz, D. Turnbull, and H. Ehrenreich
(ed.) Solid State Physics, Suppl. 10, New York, 1969
[21] R.E. Prange, Phys. Rev. 131, 1083 (1963)
[22] R.A. Ferrell and R.E. Prange, Phys. Rev. Lett. 10, 479
(1963)
[23] F. Bloch, Phys. Rev. B2, 109 (1970)
[24] V. Ambegaokar and A. Baratoff, Phys. Rev. Lett. 10,
486 (1963) and Phys. Rev. Lett. 11, 104 (1963) (E)
[25] S. Giorgini, L.P.Pitaevski and S. Stringari, J. Low Temp.
Phys. 109, 309 (1997)
[26] R.A. Ferrell, Phys. Rev. B38, 4984 (1988)
[27] A. L. Fetter and J. D. Walecka, Quantum Theory of
Many- Particle Systems, New York 1971
[28] P. Nozieres, Liquides et Solides quantiques, Lecture
Notes (1983), unpublished
[29] F. Meier, Josephson-Effekte in gekoppelten Bose- Kon-
densaten, Diploma thesis, Ludwig-Maximilians- Univer-
sita¨t Mu¨nchen, 1999, unpublished
[30] W. Zwerger, Solid State Comm. 45, 841 (1983)
[31] V. Ambegaokar, U. Eckern, and G. Scho¨n, Phys. Rev.
Lett. 48, 1745 (1982); U. Eckern, G. Scho¨n, and V. Am-
begaokar, Phys. Rev. B 30, 6419 (1984)
[32] J.W. Negele and H. Orland, Quantum Many-Particle
Systems, Addison-Wesley, 1988
[33] M. Tinkham, Introduction to Superconductivity,
McGraw-Hill 1996
[34] J. Ruostekoski and D.Walls, Phys. Rev.A58, R50 (1998)
[35] The phenomenon was in fact first predicted by M. Kleber
and H. Schmidt, Z. Physik. 245, 68 (1971) for Josephson
tunneling between colliding superfluid nuclei.
[36] As mentioned in section 6, for z = O(1) the tunneling
amplitude tcc is itself z-dependent, an effect which is not
taken into account here. Note also, that our ϕ has the
opposite sign as the one in ref. [16].
[37] The value Λ = 11 is rather small, for our parameters
above Λ is in fact around 2500.
13
